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Entanglement, is a distinctive feature of quantum me- 



2 1 , and has been found numerous applications 

n 



chanics 1 

in quantum information processing tasks [3|.The prob- 
lem of detect whether a quantum state is entanglement 
or not is widely studied, However, entanglement does not 
necessarily exhaust all quantum correlations present in a 
state. Beyond entanglement, quantum discord is a suit- 
able measure of quantum correlation. The total correla- 
tions between two quantum systems A and B are quan- 
tified by the quantum mutual information 



Z(pab) = S(p A ) + S{p B ) - S(pab) 



(1) 



where S{p) — — Tr(plog 2 p) is the Von Neumann entropy 
and Pa(b) = ^b(a)(pab)- 

On the other hand, the classical part of correlations 
is defined as the maximum information about one sub- 
system that can be obtained by performing a measure- 



ment on the other system. Given a set of projective 
(von Neumann) measurements described by a complete 
set of orthogonal projectors {1%} = {\bj)(bj\} and lo- 
cally performed only on system B, which satisfying that 
IT^ 0, ^ fe tl 3 B = 7, I is the identity operator, then 
the information about A is the difference between the 
initial entropy of A and the conditional entropy, that 
is X(p AB \{fl B }) = S (pa) - Y., PjS(pj I, where p 3 = 
(I ® lV B )p{I ® & B )/Tr[(I (g> & B )p(I ® %)}, Pj is the 
probability of the measurement outcome j and I is the 
identity operator for subsystem A. Classical correlations 
are thus quantified by Q(pab) = s ^P{ti^ B }^(PAB\{^ B }) 
and the quantum discord is then defined by 



T^b(pab) = I{pab) - Q(pab) 



(2) 



which is zero only for states with classical correlations 
and nonzero for states with quantum correlations. The 



nonclassical correlations captured by the quantum dis- 
cord may be present even in separable states. 5| 

Recently, the authors get an symmetric equivalent def- 
inition for quantum discord, the following can be found 



The quantum relative entropy is a measure of dis- 
tinguishability between two arbitrary density oper- 
ators p and fj, which is defined as S (p \\ a) = 
Tr (/31og 2 p — plog 2 <t) [16|. We can express the quan- 
tum mutual information I (pab) as the relative entropy 
between pab and the product state pa® Pb, i-e. 



I {Pab) = S (pab II Pa ® Pb) 



(3) 



In order to express the measurement-induced quantum 
mutual information J (pab) in terms of relative entropy, 
we need to consider a non-selective von Neumann mea- 
surement on part B of pab, which yields $b (pab) — 

(i A ® n J B ) pab (ia ® n B ) = Ej PjPa\ 3 ® h) (ty I . 

Moreover, tracing over the variables of the subsys- 
tem A, we obtain &b(pb) — ^b(T^aPab) — 
J2jPj \bj) (bj\, where we have used that Tr A (f>A\j) = 1- 
Then, by expressing the entropies S(&b(pab)) and 
S(^b(pb)) as S(<^b(pab)) = H (p) + Y, jPj S (p A]j ) 
and S (<&b (pb)) = H (p), with H (p) denoting the Shan- 
non entropy H (p) = — j Pj log 2 (pj ) , we can rewrite 
J (pab) as 

J (pab) = S ($ B (pab) II PA ® $5 (pb)) • (4) 
Therefore, the quantum discord can be rewriten in 



terms of a difference of relative entropies: V (pab) — 

S (pab II Pa ® Pb) - S (<$> B (pab) \\ Pa ® ®b (pb)), 
with minimization taken over {II^} to remove the 
measurement-basis dependence. It is possible then to 
obtain a natural symmetric extension T>(pab) for the 
quantum discord T> (pab)- 

Indeed, performing measurements over both subsys- 
tems A and B, we define 



(pab) = min [S (pab \\ PA ® Pb) 
{n^®n»} 

-5 ($AB (PAS) II ^A (PA) ® $B (/5fl))] , (5) 



where the operator <&ab is given by 

(pab) - ]T (n^ ® it|) pab (ii A ® n|) • (6) 

The aim of this work is to give a measure of gen- 
uine multipartite quantum discord for arbitrary N partite 
state, note that our measure is quite different from that 

of y. 

We will extend quantum discord as given by Eq. (??) 
to multipartite systems. 

Recall that an iV-partite pure state \ip) € Hi ® H% ® 
• • -T-Ln is called biseparable if there is a bipartition 
hh -"3k \jk+i ■■■3n such that 



I^l)iii2-jj^2)j fc+1 . 



(7) 



where {ji, j 2 , • • ■ jk\jk+\, ■ ■ -Jn} is any partition of 
{1, 2, • • ■ , N}, e.g., {13|24} is a partition of {1, 2, 3, 4}. 

Let 7 be any subset {jij-z • • -Jfe} of {1,2, ...,N}, cor- 
responding to a partition jij 2 ■ ■ ■ jk\jk+i • • ■ Jjv, e.g., for 



three qubits state, 7 = 1 corresponding to the partition and is given by 
A\BC, and corresponding to the reduced density matrix 
Pa, while if 7 = 23, then it corresponding to the reduced 
density matrix psc- 

Definition. For an arbitrary N partite state Ai—iv, 
the genuine multipartite quantum discord 2?(Ai---aO is 
defined as follows: 

(1). First, let p be an N partite state, and 7 be any sub- 
set {J1J2 ■ ■ ■ jk} of {1, 2, N}, corresponding to a par- 
tition jij 2 ■ •■jk\jk+i ■ --Jn, e.g., for three qubits state, 
7 = 1 corresponding to the partition A\BC, and corre- 
sponding to the reduced density matrix pA , and 7' is de- 
fined as the complemental set of 7 (that is, the set union of 
7 and 7' is the total set {1, 2, N}, i.e., for three qubits 
state, if 7 — 1, then 7' = 23), then define the 7-discord 



it' 

(2). then define the genuine multipartite quantum dis- 
cord as the minimal of all 7-discord: 



T>(Pi,2,...,n) = minX> 7 (Ai,2 jv) (12) 

7 



where the min run over all partition 7. 
Theorem 1. For an N partite quantum state pa 1 —a n 
on Hilbert space H\ ® H2 ■ ■ ■ Hn, The genuine multipar- 
tite quantum discord T> {pa 1 - a n ) is non-negative, i.e., 
V( PAi ...a n )>0- 

Therefore, a genuine multipartite classical state can 
be defined by the following: we say that a multipartite 
quantum state is genuine multipartite classical(GMC for 
short), if there exists a partition 7, such that p\...N — 



as 



$j 2 N (/>i.. .jv), which means that classical states are 



not disturbed by a suitable local measurements. In- 

f 7 (/5i,2,...,jv) = min S ( Ai,2,...,iv || $ 12 n (Ai,2,...,jv) ) deed, this definition of a classical state implies that 

{iy<8>n*} L v ' ' 

-5 (Ay II $ 7 (Ay)) - S (Ay II * 7 ' (Ay'))] ■ (8)£r = $ t which means D(Ai-jv) = 0. 

Remark. Note that, the genuine multipartite classi- 

where the operator <I>^ 2 w is given by 

cal (GMC)state may contain bipartite quantum discord. 
$ i,2,...,jv (Pi,2,...,iv) = ^2 ^7) ^i.2,-,JV (Ay <S> ft*) . To see this, Define p^sc = p AB ® p c ,with p AB be 



fefe' 



(9) 



the superoperator <I> 7 is defined for the subsystems 7 
and is given by 



the maximal entanglement Bell state, and pc = | < E > )( ( E > |, 
|$) = (1, 0) T . The 3-partite state pabc is a genuine mul- 
tipartite classical state, but it contain 2-partite quantum 
discord. 

Note that in this paper, the local von Neumann mea- 
the superoperator $y is defined for the subsystems 7', surements we performed is always the form as {IF, } = 



= E (n*) /St (n*) . 



(10) 



{11^ (§5 Ily }, with j denoting the index string (ii • • • ijv), 
e.g., for 3-partite state, the measurements are: {IT,-} = 

{ni®n|' c }. 

Then, after a non-selective measurement, the density 
operator p becomes 



*(p) = E n ^ 



(13) 



This operation can then be used to define a GMC state. 

Definition. If there exists any measurement {IX,} such 
that <&(/?) = p then p describes a genuine multipartite 
classical (GMC) state under von Neumann local mea- 
surements. 

Therefore, it is always possible to find out a local mea- 
surement basis such that a GMC state p is kept undis- 
turbed. In this case, we will denote p G QM.C N , where 
GMC N is the set of genuine iV-partite classical (GMC) 
states. A witness for GMC states can be directly ob- 
tained from the observation that the elements of the set 
{IT,-} are eigenprojectors of p. This can be shown by the 



theorem below (see also Ref. 



18 



33J) 



Theorem, p e GMC 



N 



[p,n,] = o (Vj), with 



IIj = {n^ ® II*/} and j denoting the index string (fcfc'). 



We can now propose a necessary condition to be 
obeyed for arbitrary GMC states. 

Theorem. Let p be a GMC state, then there exists a 
partition 7|7'(e.g. for three partite state, A\BC is such 
a partition), such that [p, p 7 ® py] = 0, where p 7 be the 



reduced density operator for the subsystem 7, and p 7 < be 
the reduced density operator for the subsystem 7', e.g., 
[p, PA ® Pbc] = 



In 



34fl . a metric of quantum states were defined 



as: D p (p,a) := [Trflp* - cr^P)]*, so A,(p,tr) 



2 - 2Tr( ( 02 CT 2). 

So, if we define the following witness for state: 

W(p) = mm D 2 (p, p 1 <S>/ty)j 
7 

This witness has deep connection with concurrence. 

First, we can prove that for bipartite state, this witness 
is exactly the concurrence. 

Theorem For bipartite pure state p := \ifi)(t(j\, 
W(p) — D 2 (p,pa ® Pb) — C(p), where C(p) is the con- 



currence of p, which is defined as C(p) := — 2Tr(,o^). 

Theorem For multipartite pure state p := 
W(p) = min D 2 (p, Pj'Sipy) = C G me{p), where C GM e{p) 



is the GME-concurrence of p, which is defined in 35| as 
following: 



3j] 



has defined a gen- 



Definition Recently, reference 
uine multipartite entanglement measure, called GME- 
concurrence, as follows: 

(1). First, let ip be an n partite pure state, and 7 
be any subset {jij 2 • ■ • jk} 01 {lj 2, ^V}, corresponding 
to a partition jij 2 ■ ■ ■ j k \j k+1 ■■■j N , e.g., for three qubits 
state, 7 = 1 corresponding to the partition A\BC, then 
define the 7-concurrence as 



(14) 



(2). Then, define the GME-concurrence as minimal of 
all 7-concurrence: 

QWVO := minC 7 (^) := min{l - Tr(p 2 )} (15) 

7 7 ' 

E.g., for three qubits pure state ip, the GME- 
concurrence read as: 

C 2 GME W ■= mmC 7 (V0 := min{l - Tr(p^} 

7 7 

= mm {1 - Tr(pl), 1 - Tr(p|), 1 - Tr(pl)} 

7—1,2,3 

= min {1 - Tr(pl), 1 - Tr(p%), 1 - Tr(p*)} 

A.,Jd ,0 

(16) 

Where pa, Pb and are the three reduced density ma- 
trices. For mix state p, GME-concurrence is defined by 
the convex roof method as 

Cgme(p) ■= mm^piC G ME(^i) (17) 

i 

where the minimum is taken over all decompositions of 
p into pure states p = ^2iPi\ipi)(ipi\- From definition, 
any state p is biseparable if and only if Cqme{p) = 0, 
equivalently, the quantum state is genuine multipartite 
entanglement (GME) if and only if Cgme(p) > 0. 
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